
A Table of Generalized Circular Error 
By Harry Weigarten and A. R. -Di Donato 

1. Introduction. This note provides an abbreviated table (Table 1) giving solu- 
tions for the value of K satisfying 

2Tcr ]i ]R exp [ + )]dxdy = P 

where R is the circle x2 + Y2 = K2 2 2 > a, and c = cry .. K has been com- 
puted for c = 0(.01)1 and P = 0(.01).99. The table provided here wvill not contain 
all the results because of space limitations. The complete table is available upon 
request directed to either author. It differs from the extensive one in [11 which also 
gives numerous applications and a wide bibliography of the bivariate normal 
distribution. 

2. Application. When P = .5 and c = 1 we obtain the ePE (circular probable 
error) relationship used in ballistic studies. In this case K = 1.17741, which may 
easily be found without the table in this note. When c = 1, hoNvever, (Nwhich is the 
usual case) it is still of interest to find the circles within which impacts will occur 
with given probabilities, rather than the ellipses. For any particular P and c the 
value of K in the table multiplied by or is the required radius. 

3. Statistical Interpretation. This kind of problem has been widely considered 
as indicated by the references in [21, where the approach is differently oriented, 
being concerned with the general problem of the distribution of quadratic forms. 
Essentially we consider here the cumulative distribution in tabular form of the 
random variable, 

z = x2 + y2 

where X and Y are independently and normally distributed with zero means and 
variances or and ry . (Z does not, of course, have a x2 distribution unless o- = = 

1.) In [3], Chapter 27, there will be found application of such results to the specifica- 
tion of regions of type C in the testing of hypotheses. 

4. Analysis. This section will detail the computational and numerical analysis 
aspects of the preparation of the table. 

The probability integral under consideration is given by the following equation: 

(1) P,(KY a,) [--)(ex + w )] dx dy _.'rf- ay R2 w y 

where the region, R, is specified as a circle with its center at the origin and with 
radius K,. The use of polar coordinates transforms (1) to 

(2) P(K, c) = I exp -'p) +C2 1 cos 28)j p dp de 
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TABLE 1 
The Generalized Circular Probable Error K 

pe\l .05 .10 .15 .20 .25 .30 .35 .40 .45 .50 

.05 0.08149 0.10697 0.12806 0.14627 0.16251 0.17730 0.19097 0.20375 0.21579 0.22721 

.10 0.13631 0.16328 0.19017 0.21449 0.23662 0.25701 0.27599 0.29383 0.31070 0.32675 

.15 0.19590 0.21757 O.24565 0.2731,6 0.29897 0.32313 0.34585 0.36734 0.38777 0.40729 

.20 0.25S34 0.27454 0 .30048 0.32894 0.35690 0.38367 0.40917 0.43349 0.45676 0.47910 

.25 0.32259 0.33506 0.35715 0.38470 0.41348 0.44188 0.46941 0.49596 0.52155 0.54624 

.30 0.3SS58 0.39867 0.41685 0.44210 0.47050 0.49965 0.52853 0.55677 0.58424 0.61093 

.35 0.456 53 0.46500 O.4A004 0.50225 0.52924 0.55829 0.58788 0.61731 0.64626 0.67463 

.40 0 .52679 0.53409 0.54679 0.56592 0.59073 0.61889 0.64854 0.67866 0.70872 0.73846 

.45 0.599S6 0.60623 0.61721 0.63363 0 .65585 0.68244 0.71154 0.74184 0.77260 0.80339 

.50 0.67635 0.68199 0.69163 0.70585 0.72543 0.74994 0 .77788 0.80785i 0.83890 0.87042 

.55 0.75707 0.76210 0.77066 0.78314 0.80039 0.82243 0.84870 0.87782 0.90870 0.94060 

.60 0.84311 0.84761 0.85527 0.86634 0.88142 0.90113 0.92532 0.95307 0.98332 1.01520 

.65 0.93593 0.93998 0.94685 0.95675 0.97008 0.98751 1.00939 1.03532 1.06444 1.09586 

.70 1.03764 1.04129 1.04748 1.05635 1.06822 1.08361 1.10311 1.12685 1.15433 1.18481 

.75 1.15144 1.15473 1.16029 1.16825 1.17884 1.19246 1.20968 1.23100 1.25637 1.28534 

.80 1.28253 1.28548 1.29046 1.29759 1.30704 1.31908 1.33421 1.35302 1.37588 1.40275 

.85 1.44040 1.44:303 1.44746 1.45379 1.46215 1.47277 1.48599 1.50233 1.52238 1.54653 

.90 1. 64561 1.64791 1.65179 1.65731 1.66461 1.67383 1.68523 1.69918 1.71626 1.73708 

.95 1.96060 1.96253 1.96578 1.97041 1.97651 1.98420 1.99366 2.00514 2.01902 2.03586 

.96 2.05436 2.05620 2.05930 2.06371 2.0695.3 2.07686 2.08587 2.09679 2.10995 2.12588 

.97 2.17067 2O . 17241 2.17534 2.17952 2.18502 2.19195 2.20045 2.21075 2.22314 2.23806 

.9S 2.32689 2.32851 2.33124 2.33514 2.34026 2.34672 2.35464 2.36421 2.37569 2.38948 

.99 2.57632 2.57778 2.58025 2.58-377 2.58839 2.59421 2.60134 2.60995 2.62025 2.63257 

.\5 .60 .65 .70 .75 .80 .85 .90 .95 1.0 

.05 0.23810 0.24852 0.25854 0.26820 0.27753 0.28657 0.29534 0.30388 0.31219 0.32029 

.10 0.34210 0.35683 0.37101 0.38472 0.39798 0.41085 0.42336 0.43555 0.44744 0.45904 

.15 0. 42601 0.44402 0.46142 0.47825 0.49458 0.51045 0.52591 0.54099 0.55571 0.57012 

.20 0.50060 0.52136 0.54145 0.56094 0.57990 0.59835 0.61636 0.63396 0.65118 0.66805 

.25 0.57012 0.59326 0.61573 0.63758 0.65888 0.67967 0.69999 0.71989 0.73939 0.75853 

.30 0.63688 0.66213 0.68672 0.71072 0.73418 0.75712 0.77960 0.80166 0.82331 0.84460 

.35 0.70237 0.72950 0.75604 0.78202 0.80748 0.83246 0.85699 0.88110 0.90483 0.92821 

.40 0.76775 0.79655 0.82486 0.85268 0.88004 0.90696 0.93346 0.95958 0.98534 1.01077 

.4.5 0.83399 0.86428 0.89421 0.92375 0.95291 0.98170 1.01013 1.03822 1.06599 1.09347 

.50 0.90207 0.93365 0.96505 0.99621 1.02709 1.05769 1.08801 1.11807 1.14786 1.17741 

.5O 0.97303 1.00569 1.03841 1.07107 1.10361 1.13599 1.16819 1.20021 1.23206 1.26373 

.60 1.04810 1.08162 1.11549 1.14954 1.18366 1.21779 1.25187 1.28590 1.31985 1.35373 

.65 1.12888 1.16998 1.19781 1.23312 1.26875 1.30460 1.34058 1.37666 1.41281 1.44901 

. 70 1 . 1.21752 1.25187 1.287-42 1.32384 1.36090 1.39845 1.43637 1.47459 1.51.306 1.55176 

.75 1.31724 1.35143 1.38739 1.42471 1.46309 1.50231 1.54222 1.58271 1.62369 1.66511 

.80 1.43320 1. 46'668 4.150262 1.54055 1.58010 1.62096 1.66294 1.70586 1.74962 1.79412 

.85 1.57477 1.60677 1.64206 1.68015 1.72059 1.76302 1.80717 1.85280 1.89974 1.94788 

.90 1.76212 1. 791.52 1.82511 1.8625.3 1.90335 1.94716 1.99359 2.04236 2.09321 2.14597 

.95 2.05638 2.08130 2.11111 2.14598 2.18580 2.23029 2.27908 2.33180 2.38812 2.44775 

.96 2.14527 2.16891 2.19748 2.23134 2.27054 2.31491 2.36413 2.41782 2.47565 2.53727 

.97 2.25619 2. 27835 2.30537 2.33788 2.37617 2.42021 2.46978 2.52455 2.58415 2.64823 

.98 2.40614 2.42650 2.45153 2.48214 2.51895 2.56226 2.61202 2.66799 2.729831 2.79715 

.99 2.64736 2.66533 2.68750 2.71505 2.74916 2.79069 2.84010 2.89743 2.962491 3.03485 
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where p, 0 are the usuial polar coordinates stretched by a factor o- and where 

(3) 0 <-= c < 1. 
ax 

Simple transformations reduce P(K, c) to 

1 K22 
12Avce 

(4) P(K, c) = ? e- 1 eAwc dO dw 

wx-here 

(5) A= C2 and B= +2 
2c2 

The integral over 0 in (4) is referred to in [4, (p. 46)1, and may be expressed as 

(6) eAwcOS9 dO = irI(Aw) 

where Io(x) is defined by the following Taylor and asymptotic expansioiis re- 
spectively 

/~2 /2 n 

( ) ? ~~~o() no (n! (x)2 

(8) Io(x) = E( ( ) 
-V92lX n-O2 25n(.n!)3 

The relations. (7) and (8) are given in [4] oni pages 20 and 58, respectively. 
Two c'omputation schemes were used for computing P. If AK-2 40 (aii arbi- 

trary choice), then the followinlg recurrence relation was used to compute P: 

(9) T2 2n-1 () T2n, - 1 [(IK2)f eGB2{A2 + n 

wvhere 

(10) To = (1 - 2 

and 

(11) PP= ZT2nA I2? < 40. 
n 0 

If AK2 > 40 then the following recurrence relation was used to compute P: 

(12) Ai12n+1 
1 2 [(n)-} 

+ 2Ac ' 2n - 1 24L(nO3 

-1 2nt - 1 
lA 2n 

wvhere 

(13) 3.= I t *L2 e- dw 
1~~~~- - /- it iJ 
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and 
N' 

(14) P 1 E dl2x+X 
ao 

Equation (9) is obtained by substituting (7) into (4), transforming the upper 
limit on the TV integration from K2/2 to AK2/4, interchanging summation and 
integration, and then performing twro successive integrations by parts on the integral 
that occurs as part of the general nth term of the series. The upper limit, N, of the 
sum that appears in (11) is determined when 

N 

(15) [ T2N| S I T2nl 

where e is chosen to the order of accuracy to which P is desired. 
The recurrence relation given by (12) is derived by substituting (8) into (4), 

interchanging summation and integration, and by considering the integral from 
AK2 to infinity rather than from 0 to AK2. Two integrations by parts on the integral 
that occurs as part of the general nth term of the series yield (12). The integer N' 
is deternmined such that 

N' 

(16) 11 | I5 + E 112n+1 n- n 

The restriction of (12) to the region AK2 > 40 insures at least eight-digit accuracy 
in P before the terms .42117+1 eventually begin to increase in magnitude. The e's in 
(15) and (16) were set at 10-8. 

Inasmuch as equal intervals in P and c were desired, a Newton-Raphson pro- 
cedure was used to determine K for a given P and c; accordingly 

(K2 /2) 
" _ e1BWIO(Aw) dw - P 

(17) Kn = Knl-i ! - /2) 

~ n_le-(BK2_l1 2)O (AKx_1) 

where K,, represents the nth iterate for K. 
The efficiency and accuracy of the computation are indicated by the fact that 

the average time required to evaluate a K to eight significant digits for a given P 
and c wvas 50 milliseconds on NORC. The accuracy of the results was checked by 
evaluating the same K by both (9) and (12) in the region of AK2 = 40. Thirty 
terms were used for this purpose. This region is where both series (11) and (14) 
require the largest number of terms, and consequently where truncation and round- 
ing errors should be the largest. Some further checks to insure eight-digit accuracy 
were obtained by evaluating some of the integrals by the direct application of 
Simpson's Rule. The entire table presented herein required less than 30 seconds of 
computing time on NORC. 
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